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Abstract. In this paper, the authors give an integral representation of
functions from an anisotropic variable Sobolev space. The given integral
representation is similar to the integral representation of functions from the
anisotropic Sobolev space with a constant exponent. Next, we prove the
boundedness of the differentiation operator from anisotropic variable Sobolev
space to variable Lebesgue spaces. In particular, we proved the boundedness
of the average function in variable Lebesgue space under the global log-Hélder
continuity condition on variable exponents.
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1 Introduction

The embedding theory of spaces of differentiable functions of several vari-
ables developed as a new direction in mathematics in the 1930s in the works
of Sobolev. This theory studies important connections and relationships of
differential properties of functions in various metrics. In addition to its in-

dependent interest from the point of view of functions, it has numerous and
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effective applications in the theory of partial differential equations (see [20]).
In many problems of mathematical physics and variational calculus it is not
sufficient to deal with the classical solutions of differential equations. It is
necessary to introduce the notion of weak derivatives and to work in the so-
called Sobolev spaces. Suppose that a = (ay,...,qa,) € N is a multi-index
and let |a| = a; + ... + a,. Sobolev studied isotropic spaces W7 (@) of

functions f(z) defined on a domain G C R™ with the norm

D 1D,

|| <t

where p > 1 and ¢ € N. Sobolev obtained embedding theorems for domains
of n-dimensional spaces, namely theorems on summability to the ¢g-th power
of weak derivatives D f with respect to a domain or to manifolds of lower
dimension belonging to it. In subsequent years, embedding theory was inten-
sively developed in various directions by many mathematicians and received
new interesting and important applications(see [4], [16] and [17]).

Variable exponent Lebesgue spaces were first studied by Orlicz in 1931
(see [18]). Since the 1990s, variable exponent Lebesgue spaces and variable
exponent Sobolev spaces have been used in a variety of fields, the most im-
portant of which is the mathematical modeling of electrorheological fluids.
In 1997, the variable exponent Lebesgue spaces was applied to the study
of image processing. Namely, in image reconstruction, the variable expo-
nent interpolation technique can be used to obtain a smoother image. For
the theory and applications of variable exponent Lebesgue spaces and vari-
able exponent Sobolev spaces, see [5], [7], [10], [12], [14], [15], [19] and the
references therein. Embedding is always a classical topic in functional anal-
ysis, partial differential equations and other fields. Related to embedding
theorems, we refer to [1]-[3], [9], [11]-[13], [22] and the references therein. Af-
terwards, some scholars did further research on the theory and applications

of these kinds of spaces (see [6], [8] and the references therein). These results
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provide the necessary framework for the study of variational problems and
elliptic equations with non-standard p(z)-growth conditions.

The remainder of the paper is structured as follows. Section 2 contained
some preliminaries along with the standard ingredients used in the proofs. We
give an integral representation result for functions defined on Sobolev spaces
in Section 3. Our principal assertions, concerning the embedding theorem
in variable Sobolev spaces are formulated and proved in Section 4. Namely,
we prove the boundedness of the differentiation operator from anisotropic
variable Sobolev space to variable Lebesgue spaces. In particular, we proved
the boundedness of the Sobolev average function in variable Lebesgue space

under the global log-Holder continuity condition on variable exponents.

2 Preliminaries

Let R™ denote n-dimensional Euclidean space and let x € R™. Suppose that
p(z) is a Lebesgue measurable function with values in [1, co). We suppose
that 1 < p < p(r) <P < oo, where p := es§>ionfp(x) and p := esifélpp(x).
We denote by P(R™) the set of all Lebesgue measurable functions p : R™ —

[1,00). Given p(-) € P(R™), we define the conjugate exponent function p'()

by the formula — + = 1. Let N be the set of natural numbers and

p(z)  p(x)
let Ngo = NU {0}. Suppose that k = (ky,...,k,) € Ny is a multi-index and
let |k| = k1 + ... + k. Next, we will use the conventions: 1 = (1,...,1),

k=K oky!, o= (2q,...,2,), 2% = 2% . aFoand (2, k) = 3 aik;. Let
i=1

n
A=A, M), A >0(G=1,...,n) and € > 0. We set e* = (eM,... M)
x 1 x o
and > = <€T,,€TZ> Let I.x = {x: 2| < eMiji= 1,...,n} be a cube
with center at 0. By D,, and D; we denote the partial derivative with respect
to the variable x; and with respect to the i-th variable, respectively. Let xqg

be a characteristic function of G C R".
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Definition 1. We denote by Ly (R") the space of all Lebesgue measurable
functions f on R™ such that for some g > 0

[ (M) g

The norm in variable Lebesgue spaces Lyy(R™) is defined by the following
functional (see [7], [10] and [14])

' fl’ p(z)
1£lls,, ey = 1 £llpy = inf § A >0 / <@ dr <1

R
If p(x) = p = const, then L, (R") = L, (R") is the classical Lebesgue

space with constant exponent. Also,

1
p

1811, = | [ 170 da

It is well known that L, (R") is a Banach space with respect to the

norm || - [[) (see [7]).

Definition 2. Let Q@ C R™ be an open set and let k = (ki,...,k,) be a
multi-index. A functwn f €L} (Q) is weakly differentiable, if there exists a

function g, € Li,.(Q) such that for every p € C5(Q)

oc/f D)de = (-0 [ gla)p(w) ds

A function g is called the k-th weak derivative of f and we write g = f*®.
The following Lemma holds.

Lemma 1. Let 1 < p(z) < oo be a measurable functions and let [ €
Ly (R™) . Suppose that {f;} is a sequence of functions in Ly.y (R™) having
weak derivatives f](k) €LyyR"Y),j=1,....

*) _ f](k)Hp(.) —0 (i,j — 00), then f®) ¢ Lyy (R") and Hfi(k) — f®)

0 as 1 — o0.

—>
p(+)
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Proof. Since

f(k H — 0(i,7 — o0) there exists a function

h € Ly (R™) such that f(k) h — 0 as i — oo. Since f; has a weak

p()
derivative fl on R”, for any function ¢ € C3° (R™), we have

/ 19(@) () dz = (~1)¥ / fi() o) (z) da (1)

Rn R”

We observe that integration in (1) is carried out only over some compact

K C R". So, passing to the limit as i — oo in (1), one has

[ @) pta)de = (-1 "“'/f

Rn

Thus, we have that h = f*.
This completes the proof.

Definition 3. [15] Let 1 < p(z) < oo be a measurable functions and let
0= (ly,...,0,) € N*. We denote by ij(.) (R™) the anisotropic Sobolev space
of all real-valued functions f € Ly (R") having weak derivatives Dfi f e
L,y (R™),i=1,...,n. This space is equipped with the norm

1 flwe, @y = 1/ 1lpc) + Z |D; 1

Definition 4. [/] Let s = (s1,...,8,) be a vector with positive components.
Suppose that 0 < h <oo,e>0anda; #0,i=1,...,n. An s-horn of radius

h and opening ¢ is a set defined as follows:

V(s)=V(s.h)= | {x: T, v<(ﬂ>8i<(1+5)v (izl,...,n)}.

a;
O<v<h

For two measurable functions f and g, we define the convolution by

(f*g)( /fx— y)dyz/f(y)g(l'—
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Definition 5. [10] Let Q C R™ be an open set. We say that a function
p: Q= [1,00) is locally log-Holder continuous on Q, if there exists C; > 0
such that

|mw—p@nsjﬂﬁ%;m for all 0<[x—y|< .

We say that p satisfies the log-Holder decay condition if there exist po, > 1
and a constant Cy > 0 such that

Cy

e {l Q.
log(e + 2]} for all x €

[P() = Pool| <

We say that p is globally log-Holder continuous in ) if it is locally log-Holder
continuous and satisfies the log-Holder decay condition. The constants Cy
and Cy are called the local log-Hdélder constant and the log-Hélder decay con-
stant, respectively. The mazimum max {C, Cy} is just called the log-Holder

constant of p.

Let us define the following class of variable exponents
1
Plog(Q) = {p € P(2): — is globally log-Holder continuous} .
p

Definition 6. [21] A function 1) € Ly (R™) with ¢ > 0 is called bell shaped,
if it is radially decreasing and radially symmetric. The function ®(z) =

ess sup |f(y)| is called the least bell shaped majorant of f.
[y|>|]

Let us define the function

1 x
Yor(z) = ml/) (5_A> :
We need the following lemma.

Lemma 2. Let p € P(R") and let 1) € Ly (R™). Suppose that the least bell
shaped majorant U of 1 is integrable. Then the inequality

1% 0l < CIElL Il

6
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holds for all f € Ly (R"), where C' constant depend only on p, A and n.

Moreover,

[f el S 20l flloy for all f € Ly (R).

We observe that Lemma 1 in the case when A = (1,...,1) is proved [10].
The proof is similar to the proof of Lemma 4.6.3 in [10].
We need the following Theorem.

Theorem 1. [10] Let p,q,r € P(R") with p(z) < q(x) < r(z) almost every-
where x € R™. Then

Lp(.) (Rn) ﬂ LT(.) (Rn) — Lq(.) (Rn) — Lp(.) (Rn) + LT(.) (Rn) .

The embedding constants are at most 2. More precisely, for g € Lqcy (R") the
functions go := sgn gmax{|g| — 1, 0} and g1 := sgn gmin{|g|, 1} satisfy
9= 90+ 91, |90l ol < lgl, llgoll,y <1 and [|gall,() < 1.

Using Lemma 1 we can in fact get better control of fx1.» when ¢ is small

as we show in the following theorem.

Theorem 2. Let p € P8 (R") and let ¢p € Ly (R™). Suppose that the least
bell shaped majorant W of 1 is integrable and /w(:v) dx = 1. Then fx1p —

R’ﬂ
[ ae ase—0 for f € Ly (R"). In addition, if p < oo, then

1f *xthr = fll,y >0 for e—0.

Proof. Let f € Ly (R") with || f||,) < 1. By Theorem 1 we can split f
into f = fo+ fi1 with fo € Ly (R") and f; € Ly (R™). From [21] we deduce
that f; x Yo (x) — f;(z) almost everywhere z € R™, 7 = 0,1. This proves
f*vo(z) — f(x) almost everywhere z € R™.
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Let p < oo. It remains to prove that || f x ¢ — f||p(.) — 0 for e = 0. Let
§ > 0 be arbitrary. Then by density of simple functions in L. (R™) (see
[14]) we can find a simple function g with [|f — g[|,,., < d. This implies that

1f > ter = fllpoy S Ng*ver = gll,o) + 10 = 9) xber = (f = 9y = 1 + Lo

Since ¢ is a simple function, we have that g € Ly (R") () Ly (R"). Thus the
classical theorem on mollification (see [21]) implies that [|g x th.x — g[, A L
0 for ¢ — 0. Thus, by Theorem 1 ||g x ¢).» — ng(.) — 0 for € — 0. This proves
that I; — 0 for ¢ — 0. On the other hand, Lemma 2 implies that

L= ||(f—g)*¢or — (f—9>Hp(.) <Cl|f _ng(-) <.

This implies
21_12% sup || f o — f”p(.) <.
Since § > 0 is arbitrary, this yields lintl) sup || f * or — f||p(.) —0ase—0.
E—

This complete the proof of Theorem 2.
We need the following Theorem.

Theorem 3. [7] Let p(-) € P(R™) and let p < oo. If the sequence {f,.} is
such that fn, — f pointwise a.e., and there exists g € Ly (R™) such that
|fm(2)| < g(2) a.e., then f € Ly (R") and || fm — fll,) = 0 as m — oc.

Corollary 1. Let f € Ly (R") and let Gy, be a sequence of bounded mea-
surable sets such that Gy, C Gy CR™ and R" = |J G,,. Then

m=1
Jim | X = £y =0

Suppose that K is an infinitely differentiable function on R with compact
support and let | K(x)dxz = 1. For the sake of simplicity, we will henceforth

Rn
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assume that supp K = S(K) C I;. Let us define the average function for the

function f with the kernel K and the averaging parameter £* by the formula

fole) == [ i (5) ay== [ (Y50 an

We observe that f.n € C§° (R") and

D () = (-1 [ g(y) e (y_) dy.

Rn

It is obvious that foa(x) = (f » K.x) (z). Thus, we have similar results for

the average function f.x.

Corollary 2. Let p € P8 (R") and let p < oo. Then C3°(R™) is dense in
Lyy (R™).

Proof. Suppose f € L,y (R") and fix e > 0. By Corollary 1, for functions
from spaces Ly, (R") there exists a bounded open set G C G C R" such
that

€
If = fXGHp(J < 5
We set fo = fxg. For the function fg, we compose the average function

fc.ot = fa,v, where v > 0. It is obvious that fg , € C5°(R"™). By Theorem 2

for sufficiently small v we have

g
HfG - fG,va(.) < 5

Thus, we get

€
If = vaUHp(-) <|[f- fGHp(.) + |l fa — fG,va(,) < 3 +-=c¢

This complete the proof.
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3 The integral representation of functions in

14 n
Wp(.) (R™).

The proof of the integral representation of functions given in this section is
based on the following simple idea.

For a given locally summable function f, we construct its average function
for(z) with some kernel £ and averaging parameter £*, where \ is a fixed
vector. It is obvious that the average function f.x(x) can be considered as a
continuously differentiable function with respect to the parameter ¢.

We set 0 < ¢ < h. By the fundamental theorem of calculus, we have

for () = fin(o / fra

The last identity is the initial one when deriving the integral representa-
tion of functions from the space W]f(.) (R™).

Let 6 be the Heaviside function on R. Proceeding in the same way as in
the proof of the integral representation of functions in the case of constant

exponents (see [4]), we can show that

fle) = funl / Z SA-B gy / Doty L (L) dy, @

where fo(x) = = ¢ W /f r+y)Q > dy,

Q(z) = D¥ r;—zj) dz |,

k= (ki, ..., ky), k; are sufficiently large natural numbers, £;(z) = (—=1)% X; D¥ % L (2),

10
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Li(x) = DVHses A / K (z1,..., @, He —2z) | dz®
’ (k—1)! e i)
Rt i#i

Representation (2) can be considered as an integral representation of the
difference in the values of the average functions with parameters ¢* and h*
at the point x through the integrals of the weak derivatives of the functions
f

So, we have the following theorem.
Theorem 4. Suppose that ¢ = ({y,...,0,) € N and let h > 0. Let p €
Pl (R") and let K € C§° (R™). Suppose that the least bell shaped magjorant
¢ of K is integrable and /K(:U) dr = 1.

RTL
Then for any function f € sz(.) (R™) the following integral representation

holds

f(@) = fir(z /Z Lo du/DZ fla+y) L (%) dy.  (3)

Proof. Tt is clear that all conditions of Theorem 2 are satisfied. Thus,
by tending € to 0 in (2), by Theorem 2 we obtain identity (3) for almost
everywhere x € R". We observe that the support of the representation (3) is

the shifted ¢-horn x + V' ({).
This completes the proof.

4 Embedding theorems in variable exponent

anisotropic Sobolev space

In this section we prove the continuity of embedding operator on variable

exponent anisotropic Sobolev space.

11
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Theorem 5. Suppose that p € P (R™) with p < oo and let h > 0. Let

1
% <1 and X\ = 7 Suppose that

all the conditions of Theorem 2 and Theorem 4 are satisfied.
Then DaWIf(_) (R™) = Lyey (R™) and the following inequality holds

a = (ag,...,a,) € N} be a multi-index,

1"y < GVl + Con ™1 32 1D5 1l

where Cy, Cy is independent on f and h € (0, hy) .

1
Proof. 1t is obvious that for A = 7 the representation (2) has the form

fur(e) = fine /Z A'dv/DZ (L) ay @

Applying the differentiation operator D to both parts of (4), we have

DO fur(z) = D fou (x /Zv A-1% Idv/Df (z+y) M (%) dy.

Next, we have
h
n

D2 fr(w) = (=112 (£ 5 (Do),) +/Zv 51 (Df f+ (M3),0) () o

()
We observe that Q, M; € C°(R™) (i = 1,...,n), and their supports are
such that the support of the integral representation (4) is the ¢-horn V'(¢).
In addition, let (z) = ess sup [D*Q(y)| and Nj(z) = ess sup |M;(y)| (i =

ly|>z| ly|>x|
1,...,n), respectively. Let us assume that the functions 2 and NV; satisfy the
conditions of Theorem 2.
Let 0 < e < n < h. By generalized Minkowski inequality and by Lemma

2, we have
n n
D2 fox = Dgfip| ) < Z/U—!%! D3 f * (M) | dv
=17

12
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n

e /v‘”'dv <o (plEl -l 32 |t
i=1

Sl L
i=1

So, D®f.(x) is converges in Ly (R") as ¢ — 0. On the other hand by
Theorem 2 || fox — f||p(_) — 0 as € = 0. By Lemma 1 there are exists a weak
derivative D*f € Ly (R") and [[D*f — D fal,y — 0 as € — 0. Thus,
lmy 107 sl = 10 -

By (5) and (6), we have

e (6)

1D fll0y < HTVELICF % (Do) 01 + O RIS || DE
i=1

‘p(-) '

By Lemma 2, we get

107 Fllyey <2 @), 27107l + € 21121 2PNy ()

It is obvious that the inequality (7) holds for all i € (0, hy) .
We consider the function defined by

g(h) = N f L + n1E0 ST |DE
=1

‘p(-) ’

The derivative of the function g is

g(h) = h7-%] (— 2| 0l + 0 (1= |5]) iHDfif

A B V8
1—|e| & .
i S D,

into account the value of A on the right side of inequality (7), we have

H
) ©

‘M-)) ’

the function g has minimum value. Taking

So, at h =

e =17 - i
1D fllpy <€ Hfl!,,(.>|e| (Z D f
i=1

13
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S

Let 1 < s < oo and let a,b > 0. Suppose that s’ = T Then the
8 J—
following Young’s inequality holds
ab < e + b—
S s’
« « 1
Let 6(a, £) = max{l - ‘Z : Z‘} Suppose that s = e By (8) and by
Y

Young’s inequality we have that

’p(-)

N——
~|Q

o 1-1% . i
1D f],, < C Hfup(.)“| (ZHDf f
=1

<c ((1— ) Wl + |2] S 9%
i=1

‘p(-))

|p(.)> = 05(0476) Hf“WIf(')(R")'

< Co(a0) (Hf!lp(-) + 2 D
i=1
This completes the proof.

Remark 1. We observe that when p(x) = p = const, Theorem 5 was proved
in [4]. Related to continuous and compact embeddings between different vari-
able Sobolev and variable Lebesgue spaces, we refer to [1]-[3], [9], [11]-][15],
[22] and the references therein.
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