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General integer solution of the equation
a;xq +azx; +aszxz + . ta,x, =c¢
Kumar Napoleon Deka
Department of Mathematics, Gauhati University-781014

ABSTRACT. Itis well known that the equation ax + by = ¢ where a, b, ¢ € Z has general
integer solution if g,c,d of aand bi.e g.c.d(a, b) divides c. Here we extend the result for n
variables i.e we have find the intregal solution of the equation a;x; + a,x, + azx3 +

. +ayx, = c ,where c,a;€ZV1 < i < n.
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1.LINTRODUCTION

By Bezout identity [1,2] we get the general integer solution of the equation ax + by = ¢ where
a,b,c € Z if g.c.d(a,b) divides c. Similarly a;x; + a,x, + azxz + ---. +a,x, = ¢ , where
c,a;eZ¥1 < i < n has integer solution if g.c.d (a4, a,, as, ....., a,) divides c. It is the
generalization of Bezout identity[1,2]. Here we first find the general integer solutions for
n=2,3,4,5,6,7 etc. From these solution we try to find a general format for n variables. Then using
induction we prove the required result.

2.PRELIMINARIES

When n increases from 2,3,... etc the solutions x; where 1 < i < n have big structure compare
to previous. To compact or reduce the sizes we introduce some notation which are given below.
We write

(1) g.c,d(aq,ay,as, ....,a,) = g, therefore g.c.d(gn,, Any1) = Gns1- Also
(aq,ay,as, ....,a,) means g.c.d of (a;,a,, as,...,a,). eg (a,a;) = g;
(a1, a;,a3) = g3 ete. .

Q)L™ =111 .. I"(m =n);l' € ZVi.e,g L3 = ISI*131?, LM3 = "3 1"2 "2 [ =
[mmripm = [mtl etc,

3. RESULTS AND DISCUSSION

We 1* find the solution for n = 2,3,4,5,6,7. Here ¢, a; € Z where V1 < i < n. And
g.c,d(aq,ay,as,....,a,)|c or g,|c. Now we find the solutions.

1) a;x1 +azx; =c¢

The equation has integer solution if g,|c. Again by Bezout’s lemma[1] if g.c.d(a,, a;) = g,|c
then there exist x7, x3 € Z such that a;x) + a,x3 = g,.

Now a,x; + a,x, = ¢/ g, where c = c/gz,c/ € Z. Therefore
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ayxy + ayx, = ¢/ gy = agxy + azx, = ¢/ (ax) + azxd) = ay(x; — ¢/xY)
= ay(c/x3 — x3)
=x; —c/x¥ =kjay; ¢/x9 —x, =kja; = x; = c/x¥ + kjay;x, = /%2 — ka4
Hence
c 0
= xl = g_xl + klaz
2

c . ‘
Xy = gxg — kya, where kq€ Z is arbitrary and a,x{ + a,x3 = g,.

2) ayxqy +azx, +azxz =c¢

Clearly as above it has integer solution if gz|c. Now a;x; + a,x, = ¢ — azx3. So g,|c — azx;.
Therefore ¢ — asx; = g,l for some | € Z. Now a,x; + ayx, = (a;x) + ax))l =
al(xl - lx:?) + az(xz - lxg) =0= ale + a2X2 =0 Where Xl =X — lx:?,Xz =Xy — lxg.

Now from (1.) as g,|0 we have
X1 = gixi) + k1a2 = k1a2 = x1 = lx:? + k1a2 N
2

0
XZ = g—x? - k1a1 = _klal = xl = lx:? + klal
2

Again g, + asx3; = c. As we want integer solution so g.c.d(g,, a3) = gsz|c. So again
using (1) we have

L= 200 4 kyay ,x —ixo—kg
s 203, X3 = " X3 ~ K20

where g,1° + azxy = g5. Therefore

¢ 0 0 ¢ 0 0
x1 = _l + k2a3 x1 + k1a2 = _LO + k2a3 x1 + k1a2
93 93

¢ 0 0 ¢ 0 0
xz = _l + k2a3 x2 - k1a1 = _LO + k2a3 xz - k1a1
93 93

¢ o
X3 =—x3 —ky9;
g3

Where k; € Z,1 < i < 2 arbitrary and
a1 x; + ax3 = g,
921° + azxd = g3 = a;(x1°) + a,(x31°) + azxd = g3 = a;(LYxD) + a,(LYx9) + azx§ = g3
B) a1x1 + azx; +azxs +azx, =c¢

Clearly g4|c. Now a;x; + azx, + azxz = € — a4x4. S0 gs|c — azx,. Therefore ¢ — ayx, =
g3l for some | € Z. Now

a1X; + AxX; + a3X3 = € — AgXy = g3l = {al(L%xf) + az(L%xg) + a3x§}l
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al(xl - lL%x:?) + az(xZ - lL%xg) + ag(X3 - lxg) = 0 = a1X1 + a2X2 + a3X3 = 0

where X; = x; — IL9xY; X, = x, — IL9xY; X5 = x5 — Ix2
So by using (3) as g3|0 we have
X, = kpazxd + kia, = x; = (1LY + kyaz)x? + kia,
X, = kpa3xd — kiay = x, = (1LY + kya3)x?) — kia,
X3 = kogz = x3 = lx3 — k9,
Again g5l + a,x, = c. As we want integer solution so g.c.d(gs, a;) = g4|c. So again
using (1) we have | = ;—4l1 + k3ay; x4 = ;—4x2 — k3gs where g3l + a,x? = g,.

Therefore
Cc Cc
x1 = <a llL(()) + lok3a4 + k2a3>x:? + klaz = <ZL:([) + L%k3a4 + k2a3)x§) + k1a2
C C
xz = (g_llL% + l0k3a4_ + k2a3>xg - k1a1 = ('g—L%) + L%k3a4_ + k2a3>xg - k1a1
4 4
c Cc
X3 = <_ll + k3a4> x3 —kpg, = <_Li + k3a4> x3 —k,g,
94 p
x4 = —x3 —k3gs

94
Where k; € Z,1 < i < 3 arbitrary and
gsl' +auxd = g4
= a;(Lox?) + a(Lox3) + az(L1x3) + aux? = ga.
(4) a1xq + azx; + azxz + azx, + asxs = ¢

Using the same technique as above we get the general integer solution where

C

x1 = (g_L% + L:(l)k4_a5 + L(())k3a4_ + k2a3>x:? + k1a2
C4

x2 = (g_L% + L:(l)k4a5 + L%k3a4 + k2a3)xg - klal
4

C .2, ¢ 0
x3 = (—Lf +—L7 + ksas)x3 — kyg,
Is ga

¢ 0
X4 = (ELZ + kyas)x; — k3 g3

¢ o
Xs = —X5 — K494
5

Where k; € Z,1 < i < 4 arbitrary and

9a4l? + asx? = gs
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= a; (L§x) + a, (L§x) + az(L3x3) + a,(L3x)) + asx? = gs.

(6) aixq + azx; + azxz + agx4 + asxs = ¢

Using the same technique as above we get the general integer solution where

c

X, = (g—L% + Liksae + Loksas + LOksa, + kza3>x? + kia;
C6

X, = (g—L%, + Liksag + Lik,as + LOksa, + k2a3> x3 —kiay
6

c
X3 = (g_L‘?i + Liksae + Likqas + k3ay)xs — k29,
6

= (— 13 + [Zksag + kyas)xd — k
Xq = (g > + L3ksag + kpas)x, 393
6

€ 3 0
X5 = (g_L3 + ksae)Xxs — kaga
6

¢ o
Xe = —Xg — Ksas
Ye

Where k; € Z,1 < i <5 arbitrary and
gsl® +agxg = gs
= a;(Lox?) + ax(L3x3) + az(Lixg) + au(L3xf) + as(L3x3) + agxe = gs
Using the pattern for the solutions {x;|i = 1,2,3,..} for n = 2,3,4,5,6 let the solution forn € N

i.e. for "ag1xq + azx; + azxz + agxy + . +a,_1xX,_1 +apx, =c" be

(o
X1 = <—L3_3 + L3_4kn_1an + Lg_skn_zan_l + -+ L(l)k4a5 + L8k3a4 + k2a3) xg
n

+ klaz

(o
Xo = <—L3_3 + L3_4kn_1an + Lg_skn_zan_l + -+ L(l)k4a5 + L8k3a4 + k2a3) xg
n
— ka4

[
X3 = <_ L?ll_g + L711_4kn_1an + L711—5kn_2an_1 + -+ L%k5a6 + Lik4a5 + k3a4) xg
n

— k29,

[
X4 = <_ L121_3 + L121_4kn_1an + erl_skn_zan_l + -+ L%k5a6 + k4a5> xg - k3g3

n
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(o
Xg = <—Lg_3 + L§_4kn_1an + Lg_skn_zan_l + -+ L§k6a7 + k5a6> xg - k4g4

n

C — — — —
Xy = <_ L:}—g + L:}—gkn—lan + L:}—Zskn—zan—l + -+ L:—%kr+1ar+2 + krar+1> xrq
n

- kr—lgr—l

C
— n-3 n—4 0
Xn-2 = < Ln—4- + Ln—4kn—1an + kn—Zan—1> Xn-2 — kn—39n—3
n

c -_—
Xp-1 = <g_ L3+ kn—lan) Xp_1 = Kn_29n_2
n

¢ 0
Xn="Xn— kn—lgn—l
n

Where3 <r<n-1;k; € Z,1 <i<n-— 1l;arbitrary and
a1 x? + a,xd = g,.
il 2+ a1xd1 = 9112 <i<n-1)
Gn-1l"% +ayxy = g,
= a1 (L73xY) + ap (L 3x9) + az(LT73xY) + ag (L3 3x9) + - + ap_2 (L2320 _,)
+ an—l(l‘ngxg—l) + apxXpy = gn

Now we prove the result by induction i.e for (n + 1) varibles. We now find the integer solution
of the equation

a1x1 + azxz + a3x3 + a4x4 + . +an_1xn_1 + anxn + an+1xn+1 =C
= a1x1 + azxz + a3x3 + a4_x4 + et +an_1xn_1 + anxn =C— an+1xn+1

As gn|c — ani1Xn4q S0 there exist | € Z such that ¢ — a1 1Xp41 = gnl = gnl + app1xn41 = C.
Clearly g.c.d(gn, @ns1) = Gns1lc. S0 gnl + apy1xn41 = ¢ has general integer solution
__% . __¢% o
L= ! + knan+1» Xn+1 =~ Xn41 — kngn
In+1 In+1

where g1 % + a4 1%, 1 = Gns1 and k,, € Z is arbitrary.
NOW a1x1 + azxz + a3x3 + a4_x4 + . +an_1xn_1 + anxn

= (ay (L5 73xD) + ap(L§3x9) + az (LY 3x3) + a, (L3 3x9) + -+ + ap—, (L 3x0 )
+ an—l(U;;gxr?—l) + anxg)l
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= ay(x; — I 32D + ay (e — LR 3x)) + az(xg — LT 3x) + -+ a, (xp — ILMZ3x0) + -+
+ an—l(xn—l - lerll:?éxg) + an(xn - lxrg) =0

= a1X1 + a2X2 + a3X3 + -+ arXr + -+ an_lxn_l + aan =0

c c

where X, =x, —UR3x) =x, — ( "2+ knan+1) B3x0 = x; — ( L2 +

n-3 0. —
Ly knan+1)x1' X, =% — (

¢ yn-2 n-3 0 — ¢ n-2 n-3 0
( Ly=5 + Lr—zknan+1) X,y Xno1 = X1 — (C— Ln=3 + Ly _3knani1)Xn-1
In+1 In+1

In+1 In+1

c

n-2 0. . — n-3,0 _
P L™ + knan+1)x2, vy Xp = xp — LY 5x] = X —

c
. — 0 _ n-—2 0
3 Xn =X — Iy = xn — ( Ly=5 + kn@ni1)xn.
In+1

From the result for n varibles as we assume as g, |0, we have
_ (0 yn-3 n—4 n-5 1 0 0
Xl —_ (ELO + LO kn_lan + LO kn_zan_l + b + L0k4a5 + L0k3a4 + k2a3) xl + klaz.

c

= xl = ( L%l_z + L%l_3knan+1 + Lg_4kn_2an_1 + b + L%)k4a5 + L(())k3a4 + k2a3) x? +

kqa,.

In+1

X2 = (%Lg_?, + L%l_4kn_1an + Lgl_skn_zan_l + -+ L%)k4a5 + L%k3a4 + k2a3) xg - klal.

c

= Xy = ( L‘,(;'_Z + Lg_gknan_,_l + Lg_4kn_2an_1 + -+ L%)k4_a5 + L%k3a4_ + kzag) xg -

kia,.

In+1

X3 = (%Lrll_:3 + L‘,{'_4kn_1an + L‘,{'_Skn_zan_l + -+ L%k5a6 + L11k4a5 + k3a4) xg - ngZ'

c

= X3 = ( L‘,{'_Z + Lrll_gknam_l + L711_4kn_1an+. ot L11k4a5 + k3a4) xg - ngZ'

In+1
0 - - -
X4_ = (Eljzl 3 + Lg 4kn_1an + Lg Skn_zan_l + b + L%k5a6 + k4a5) xg - k3g3.

c

=X, = ( L3 + Ly *kp_qan + L5 2ky_2ay_1 + -+ + L3ksag + k4a5) xg — k3 gs.

In+1

0 — — — -
Xy = (E L?‘l—% + erl—‘zlkn—lan + erl—gkn—Zan—l + ot L;—%kr+1ar+2 + krar+1) x79 -
kr—lgr—l-
— (£ yn-2 n-3 n—4 r—2 0
= Xr = (a L= + Ly knanyq + Ly2okn—qan + -+ Ly 25k 1040 + krar+1) Xr —

kr_19r-1.
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Xn-1 = (g Ly= §+kn 1an)xn 1~ Kn-19n-1.

— n-—2 n-3 0
= Xp-1 = ( Ln—3 + Ln—3knan+1) Xpn-1— kn—lgn—l-

n+1

_ 0.0
Xn =—Xn _kngn-
dn

> X, =

¢ -2 0
. n-—2 + knan+1)xn - kngn'

Xn+1 = ﬁxr(hl — knn-
where 3 <r <n;k; € Z,1 <i < n; arbitrary and
a;x{ + a,xd = g,.
gili_z + ai+1xi0+1 =gi+1(2<isn-1).
gn—lln_3 + anxr(: = In-

n-—2 0 —
gnl + An+1Xn+1 = Gn+1-

= {a, (L5 3x1) + ap (LG 3x ) +as(L773x3) + a (L3 3x) + - + an_o (L 3x0_2)
+ ap- 1(Ln 3xn 1) + anxn}ln 2 + an+1xn+1 = In+1-

= a; (L§%x7) + ay(L§x )+ as (L} 2x )+ a4(Ln ’x )+ + ap o (Lp 50 _5)
+ ap- 1(Ln 3xn 1) + an(Ln an 1) + an+1xn+1 = In+1-

So the result is true for n + 1 also. So by induction the result is true for all natural number.
Example: Find the general integral solutions of the following equation

2xq +4x; + 5x3 +10x4 + 12x5 + 7x¢ + 9x7, = 18

Solution. Here a; =2, a, =4, a3 =5, a, =10, as =12, ag =7, a;, =9, c = 18.
A1, + ApXy = gy = 2%, +4x, = 2,9, = 2;x) = —1; x2 = 1.

gl +azxs =93 = 2l+5x3=1;g; =2;1°=-2; x2 = 1.

galtaxs =g, = 1+10x, =1;g, = 1;1* =-9; x) = 1.

gal +asxs = gs = 1+ 12x5 = 1; g5 = 1;12 = —11; x0 = 1.

gsl+ agxe =ge =1+ 7xs =1;g¢ = 1;13=-6; x = 1.

gl tax;, =g, = 1+9%, =19, =1;1*=-8; x2 = 1.

Here n = 7;n — 3 = 4; ¢ = 18. Therefore using the method of general solutions we have
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(giL‘(*, + L3kga; + Liksag + Lik,as + LOksa, + k2a3) x¥ + kqa,.

N

i‘iln

Ly + L3kga, + L3ksag + Loksas + LOksa, + k2a3) xd — kqa,.

i‘iln

LS + L3kega, + Liksag + Lik,as + k3a4) x — kyg,.

i‘iln

LY + L3kga, + Liksag + k4a5) x) —ksgs .

i‘iln

LY + L3kga, + k5a6) xd — kuga.

2= (
= (
o= (
= (
(97 L} + koaty ) 2 — ksgs.

X7 = g7 — kee-

After putting the values of a;, L§, gi, x? for i we get

x1 =171072 — 10692k¢ + 2376ks — 216k, + 20k; — 5k, + 4k,.
X, = —171072 + 10692ke — 2376k + 216k, — 20k; + 5k, — 2k,.
x3 = 85536 — 5346kg + 693ks; — 108k, + 10k3; — 2k,.

x4 = —9504 + 594kg — 77ks + 12k4 — k5.

x5 = 864 — 54kg + Tk — k4.

Xe = —144 + 9kg — ks.

x7 =18 — kg,

Where k¢, k,, k3, k4, ks, kg are arbitrary integers.

4. ACKNOWLEDGMENTS
The author acknowledges UGC for granting fund.
REFERENCES
[1] Bezout, E.(1779). Theorie generale des equations algebriques. Paris, France; Ph.-D

[2] Claude Gaspard Bachet (sieur de Meziriac)(1624). Problems plaisants delectables qui se font
par les nombres (2" ed.). Lyons, France: Pierre Rigaud Associates. Pp.18-33

VOL 56 : ISSUE 08 - 2025 PAGE NO: 198



