
 

General integer solution of the equation 

𝒂𝟏𝒙𝟏 + 𝒂𝟐𝒙𝟐 + 𝒂𝟑𝒙𝟑 + ⋯ . +𝒂𝒏𝒙𝒏 = 𝒄 
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ABSTRACT.  It is well  known that the equation 𝑎𝑥 + 𝑏𝑦 = 𝑐 where 𝑎, 𝑏, 𝑐 ∈ ℤ has general 
integer solution if g,c,d of a and b i.e 𝑔. 𝑐. 𝑑(𝑎, 𝑏) divides c. Here we extend the result for n 
variables i.e we have find the intregal solution of the equation  𝑎ଵ𝑥ଵ + 𝑎ଶ𝑥ଶ + 𝑎ଷ𝑥ଷ +
⋯ . +𝑎௡𝑥௡ = 𝑐  ,where 𝑐, 𝑎௜𝜖ℤ∀1 ≤ 𝑖 ≤ 𝑛. 
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                                                   1.INTRODUCTION 

By Bezout identity [1,2] we get the general integer solution of the equation 𝑎𝑥 + 𝑏𝑦 = 𝑐 where 
𝑎, 𝑏, 𝑐 ∈ ℤ if g.c.d(a,b) divides c. Similarly 𝑎ଵ𝑥ଵ + 𝑎ଶ𝑥ଶ + 𝑎ଷ𝑥ଷ + ⋯ . +𝑎௡𝑥௡ = 𝑐  , where 
𝑐, 𝑎௜𝜖ℤ∀1 ≤ 𝑖 ≤ 𝑛 has integer solution if 𝑔. 𝑐. 𝑑(𝑎ଵ, 𝑎ଶ, 𝑎ଷ, … . . , 𝑎௡) divides c. It is the 
generalization of Bezout identity[1,2]. Here we first find the general integer solutions for 
n=2,3,4,5,6,7 etc. From these solution we try to find a general format for n variables. Then using 
induction we prove the required result. 

                                                 2.PRELIMINARIES 

When n increases from 2,3,… etc the solutions 𝑥௜ where 1 ≤ 𝑖 ≤ 𝑛 have big structure compare 
to previous. To compact or reduce the sizes we introduce some notation which are given below. 
We write 

(1) 𝑔. 𝑐, 𝑑(𝑎ଵ, 𝑎ଶ, 𝑎ଷ, … . , 𝑎௡) = 𝑔௡ therefore 𝑔. 𝑐. 𝑑(𝑔௡, 𝑎௡ାଵ) = 𝑔௡ାଵ. Also 
(𝑎ଵ, 𝑎ଶ, 𝑎ଷ, … . , 𝑎௡) means g.c.d of  (𝑎ଵ, 𝑎ଶ, 𝑎ଷ, … . , 𝑎௡).  e.g  (𝑎ଵ, 𝑎ଶ) = 𝑔ଶ; 
(𝑎ଵ, 𝑎ଶ,, 𝑎ଷ) = 𝑔ଷ etc. 

(2) 𝑳𝒏
𝒎 = 𝒍𝒎𝒍𝒎ି𝟏 … . 𝒍𝒏(𝑚 ≥ 𝑛); 𝑙௜ ∈ 𝑍∀𝑖. e,g 𝐿ଶ

ହ = 𝑙ହ𝑙ସ𝑙ଷ𝑙ଶ,  𝑳𝒓ି𝟐
𝒏ି𝟑 = 𝒍𝒏ି𝟑𝒍𝒏ି𝟐 … 𝒍𝒓ି𝟐, 𝐿௠

௠ =
𝑙௠, 𝑙௠ାଵ𝐿௡

௠ = 𝐿௡
௠ାଵ etc.   

 
                                  3. RESULTS AND DISCUSSION 

We 1st find the solution for 𝑛 = 2,3,4,5,6,7. Here 𝑐, 𝑎௜ ∈ 𝑍 where ∀1 ≤ 𝑖 ≤ 𝑛. And  
𝑔. 𝑐, 𝑑(𝑎ଵ, 𝑎ଶ, 𝑎ଷ, … . , 𝑎௡)|𝑐 or 𝑔௡|𝑐. Now we find the solutions. 

(1) 𝒂𝟏𝒙𝟏 + 𝒂𝟐𝒙𝟐 = 𝒄 

The equation has integer solution if 𝑔ଶ|𝑐. Again by Bezout’s lemma[1] if g.c.d(𝑎ଵ, 𝑎ଶ) = 𝑔ଶ|𝑐 
then there exist 𝑥ଵ

଴, 𝑥ଶ
଴ ∈ 𝑍 such that 𝑎ଵ𝑥ଵ

଴ + 𝑎ଶ𝑥ଶ
଴ = 𝑔ଶ. 

Now 𝑎ଵ𝑥ଵ + 𝑎ଶ𝑥ଶ = 𝑐/𝑔ଶ  where 𝑐 = 𝑐/𝑔ଶ,𝑐
/ ∈ 𝑍. Therefore  
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𝑎ଵ𝑥ଵ + 𝑎ଶ𝑥ଶ = 𝑐/𝑔ଶ ⇒ 𝑎ଵ𝑥ଵ + 𝑎ଶ𝑥ଶ = 𝑐/(𝑎ଵ𝑥ଵ
଴ + 𝑎ଶ𝑥ଶ

଴) ⇒ 𝑎ଵ൫𝑥ଵ − 𝑐/𝑥ଵ
଴൯

= 𝑎ଶ(𝑐/𝑥ଶ
଴ − 𝑥ଶ) 

⇒ 𝑥ଵ − 𝑐/𝑥ଵ
଴ = 𝑘ଵ𝑎ଶ;  𝑐/𝑥ଶ

଴ − 𝑥ଶ = 𝑘ଵ𝑎ଵ ⇒ 𝑥ଵ = 𝑐/𝑥ଵ
଴ + 𝑘ଵ𝑎ଶ; 𝑥ଶ = 𝑐/𝑥ଶ

଴ − 𝑘ଵ𝑎ଵ 
Hence 
                  ⇒ 𝑥ଵ =

௖

௚మ
𝑥ଵ

଴ + 𝑘ଵ𝑎ଶ 

                           𝑥ଶ =
௖

௚మ
𝑥ଶ

଴ − 𝑘ଵ𝑎ଵ where 𝑘ଵ𝜖 𝑍 is arbitrary and 𝑎ଵ𝑥ଵ
଴ + 𝑎ଶ𝑥ଶ

଴ = 𝑔ଶ. 

 
(2) 𝒂𝟏𝒙𝟏 + 𝒂𝟐𝒙𝟐 + 𝒂𝟑𝒙𝟑 = 𝒄 

Clearly as above it has integer solution if 𝑔ଷ|𝑐. Now  𝑎ଵ𝑥ଵ + 𝑎ଶ𝑥ଶ = 𝑐 − 𝑎ଷ𝑥ଷ. So 𝑔ଶ|𝑐 − 𝑎ଷ𝑥ଷ. 
Therefore  𝑐 − 𝑎ଷ𝑥ଷ = 𝑔ଶ𝑙 for some 𝑙 ∈ 𝑍. Now 𝑎ଵ𝑥ଵ + 𝑎ଶ𝑥ଶ = (𝑎ଵ𝑥ଵ

଴ + 𝑎ଶ𝑥ଶ
଴)𝑙 ⇒

𝑎ଵ(𝑥ଵ − 𝑙𝑥ଵ
଴) + 𝑎ଶ(𝑥ଶ − 𝑙𝑥ଶ

଴) = 0 ⇒ 𝑎ଵ𝑋ଵ + 𝑎ଶ𝑋ଶ = 0 where 𝑋ଵ = 𝑥ଵ − 𝑙𝑥ଵ
଴, 𝑋ଶ = 𝑥ଶ − 𝑙𝑥ଶ

଴. 

Now from (1.) as 𝑔ଶ|0  we have  

𝑋ଵ =
଴

௚మ
𝑥ଵ

଴ + 𝑘ଵ𝑎ଶ = 𝑘ଵ𝑎ଶ ⇒ 𝑥ଵ = 𝑙𝑥ଵ
଴ + 𝑘ଵ𝑎ଶ , 

𝑋ଶ =
0

𝑔ଶ
𝑥ଵ

଴ − 𝑘ଵ𝑎ଵ = −𝑘ଵ𝑎ଵ ⇒ 𝑥ଵ = 𝑙𝑥ଵ
଴ + 𝑘ଵ𝑎ଵ 

 
 
Again 𝑔ଶ𝑙 + 𝑎ଷ𝑥ଷ = 𝑐. As we want integer solution so 𝑔. 𝑐. 𝑑(𝑔ଶ, 𝑎ଷ) = 𝑔ଷ|𝑐. So again 
using (1) we have  

𝑙 =
𝑐

𝑔ଷ
𝑙଴ + 𝑘ଶ𝑎ଷ , 𝑥ଷ =

𝑐

𝑔ଷ
𝑥ଷ

଴ − 𝑘ଶ𝑔ଶ 

           where 𝑔ଶ𝑙଴ + 𝑎ଷ𝑥ଷ
଴ = 𝑔ଷ. Therefore 

𝑥ଵ = ൬
𝑐

𝑔ଷ
𝑙଴ + 𝑘ଶ𝑎ଷ൰ 𝑥ଵ

଴ + 𝑘ଵ𝑎ଶ = ൬
𝑐

𝑔ଷ
𝐿଴

଴ + 𝑘ଶ𝑎ଷ൰ 𝑥ଵ
଴ + 𝑘ଵ𝑎ଶ 

𝑥ଶ = ൬
𝑐

𝑔ଷ
𝑙଴ + 𝑘ଶ𝑎ଷ൰ 𝑥ଶ

଴ − 𝑘ଵ𝑎ଵ = ൬
𝑐

𝑔ଷ
𝐿଴

଴ + 𝑘ଶ𝑎ଷ൰ 𝑥ଶ
଴ − 𝑘ଵ𝑎ଵ 

𝑥ଷ =
𝑐

𝑔ଷ
𝑥ଷ

଴ − 𝑘ଶ𝑔ଶ 

Where 𝑘௜ ∈ 𝑍, 1 ≤ 𝑖 ≤ 2 arbitrary and 

𝑎ଵ𝑥ଵ
଴ + 𝑎ଶ𝑥ଶ

଴ = 𝑔ଶ 

𝑔ଶ𝑙଴ + 𝑎ଷ𝑥ଷ
଴ = 𝑔ଷ ⇒ 𝑎ଵ(𝑥ଵ

଴𝑙଴) + 𝑎ଶ(𝑥ଶ
଴𝑙଴) + 𝑎ଷ𝑥ଷ

଴ = 𝑔ଷ ⇒ 𝑎ଵ(𝐿଴
଴ 𝑥ଵ

଴) + 𝑎ଶ(𝐿଴
଴ 𝑥ଶ

଴) + 𝑎ଷ𝑥ଷ
଴ = 𝑔ଷ 

(3) 𝒂𝟏𝒙𝟏 + 𝒂𝟐𝒙𝟐 + 𝒂𝟑𝒙𝟑 + 𝒂𝟒𝒙𝟒 = 𝒄 

Clearly 𝑔ସ|𝑐. Now  𝑎ଵ𝑥ଵ + 𝑎ଶ𝑥ଶ + 𝑎ଷ𝑥ଷ = 𝑐 − 𝑎ସ𝑥ସ. So 𝑔ଷ|𝑐 − 𝑎ସ𝑥ସ. Therefore 𝑐 − 𝑎ସ𝑥ସ =
𝑔ଷ𝑙 for some 𝑙 ∈ 𝑍. Now 

 𝑎ଵ𝑥ଵ + 𝑎ଶ𝑥ଶ + 𝑎ଷ𝑥ଷ = 𝑐 − 𝑎ସ𝑥ସ = 𝑔ଷ𝑙 = {𝑎ଵ(𝐿଴
଴ 𝑥ଵ

଴) + 𝑎ଶ(𝐿଴
଴ 𝑥ଶ

଴) + 𝑎ଷ𝑥ଷ
଴}𝑙 
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𝑎ଵ(𝑥ଵ − 𝑙𝐿଴
଴ 𝑥ଵ

଴) + 𝑎ଶ(𝑥ଶ − 𝑙𝐿଴
଴ 𝑥ଶ

଴) + 𝑎ଷ(𝑥ଷ − 𝑙𝑥ଷ
଴) = 0 ⇒ 𝑎ଵ𝑋ଵ + 𝑎ଶ𝑋ଶ + 𝑎ଷ𝑋ଷ = 0   

 
where 𝑋ଵ = 𝑥ଵ − 𝑙𝐿଴

଴ 𝑥ଵ
଴;  𝑋ଶ = 𝑥ଶ − 𝑙𝐿଴

଴ 𝑥ଶ
଴;  𝑋ଷ = 𝑥ଷ − 𝑙𝑥ଷ

଴ 
So by using (3) as 𝑔ଷ|0 we have 

𝑋ଵ = 𝑘ଶ𝑎ଷ𝑥ଵ
଴ + 𝑘ଵ𝑎ଶ ⇒ 𝑥ଵ = (𝑙𝐿଴

଴ + 𝑘ଶ𝑎ଷ)𝑥ଵ
଴ + 𝑘ଵ𝑎ଶ 

𝑋ଶ = 𝑘ଶ𝑎ଷ𝑥ଶ
଴ − 𝑘ଵ𝑎ଵ ⇒ 𝑥ଶ = (𝑙𝐿଴

଴ + 𝑘ଶ𝑎ଷ)𝑥ଶ
଴ − 𝑘ଵ𝑎ଵ 

𝑋ଷ = 𝑘ଶ𝑔ଶ ⇒ 𝑥ଷ = 𝑙𝑥ଷ
଴ − 𝑘ଶ𝑔ଶ 

Again 𝑔ଷ𝑙 + 𝑎ସ𝑥ସ = 𝑐. As we want integer solution so 𝑔. 𝑐. 𝑑(𝑔ଷ, 𝑎ସ) = 𝑔ସ|𝑐. So again 
using (1) we have 𝑙 =

௖

௚ర
𝑙ଵ + 𝑘ଷ𝑎ସ; 𝑥ସ =

௖

௚ర
𝑥ସ

଴ − 𝑘ଷ𝑔ଷ where  𝑔ଷ𝑙ଵ + 𝑎ସ𝑥ସ
଴ = 𝑔ସ. 

Therefore 

𝑥ଵ = ൬
𝑐

𝑔ସ
𝑙ଵ𝐿଴

଴ + 𝑙଴𝑘ଷ𝑎ସ + 𝑘ଶ𝑎ଷ൰ 𝑥ଵ
଴ + 𝑘ଵ𝑎ଶ = ൬

𝑐

𝑔ସ
𝐿଴

ଵ + 𝐿଴
଴ 𝑘ଷ𝑎ସ + 𝑘ଶ𝑎ଷ൰ 𝑥ଵ

଴ + 𝑘ଵ𝑎ଶ 

𝑥ଶ = ൬
𝑐

𝑔ସ
𝑙ଵ𝐿଴

଴ + 𝑙଴𝑘ଷ𝑎ସ + 𝑘ଶ𝑎ଷ൰ 𝑥ଶ
଴ − 𝑘ଵ𝑎ଵ = ൬

𝑐

𝑔ସ
𝐿଴

ଵ + 𝐿଴
଴ 𝑘ଷ𝑎ସ + 𝑘ଶ𝑎ଷ൰ 𝑥ଶ

଴ − 𝑘ଵ𝑎ଵ 

𝑥ଷ = ൬
𝑐

𝑔ସ
𝑙ଵ + 𝑘ଷ𝑎ସ൰ 𝑥ଷ

଴ − 𝑘ଶ𝑔ଶ = ൬
𝑐

𝑔ସ
𝐿ଵ

ଵ + 𝑘ଷ𝑎ସ൰ 𝑥ଷ
଴ − 𝑘ଶ𝑔ଶ 

 

𝑥ସ =
𝑐

𝑔ସ
𝑥ସ

଴ − 𝑘ଷ𝑔ଷ 

Where 𝑘௜ ∈ 𝑍, 1 ≤ 𝑖 ≤ 3 arbitrary and 

𝑔ଷ𝑙ଵ + 𝑎ସ𝑥ସ
଴ = 𝑔ସ 

⇒ 𝑎ଵ(𝐿଴
ଵ 𝑥ଵ

଴) + 𝑎ଶ(𝐿଴
ଵ 𝑥ଶ

଴) + 𝑎ଷ(𝐿ଵ
ଵ 𝑥ଷ

଴) + 𝑎ସ𝑥ସ
଴ = 𝑔ସ. 

(4)  𝒂𝟏𝒙𝟏 + 𝒂𝟐𝒙𝟐 + 𝒂𝟑𝒙𝟑 + 𝒂𝟒𝒙𝟒 + 𝒂𝟓𝒙𝟓 = 𝒄 

Using the same technique as above we get the general integer solution where 

𝑥ଵ = ൬
𝑐

𝑔ସ
𝐿଴

ଶ + 𝐿଴
ଵ 𝑘ସ𝑎ହ + 𝐿଴

଴ 𝑘ଷ𝑎ସ + 𝑘ଶ𝑎ଷ൰ 𝑥ଵ
଴ + 𝑘ଵ𝑎ଶ 

𝑥ଶ = ൬
𝑐

𝑔ସ
𝐿଴

ଶ + 𝐿଴
ଵ 𝑘ସ𝑎ହ + 𝐿଴

଴ 𝑘ଷ𝑎ସ + 𝑘ଶ𝑎ଷ൰ 𝑥ଶ
଴ − 𝑘ଵ𝑎ଵ 

𝑥ଷ = (
𝑐

𝑔ହ
𝐿ଵ

ଶ +
𝑐

𝑔ସ
𝐿ଵ

ଵ + 𝑘ଷ𝑎ସ)𝑥ଷ
଴ − 𝑘ଶ𝑔ଶ 

 

𝑥ସ = (
𝑐

𝑔ହ
𝐿ଶ

ଶ + 𝑘ସ𝑎ହ)𝑥ସ
଴ − 𝑘ଷ𝑔ଷ 

 
  

𝑥ହ =
𝑐

𝑔ହ
𝑥ହ

଴ − 𝑘ସ𝑔ସ 

Where 𝑘௜ ∈ 𝑍, 1 ≤ 𝑖 ≤ 4 arbitrary and 

𝑔ସ𝑙ଶ + 𝑎ହ𝑥ହ
଴ = 𝑔ହ 
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⇒ 𝑎ଵ(𝐿଴
ଶ 𝑥ଵ

଴) + 𝑎ଶ(𝐿଴
ଶ 𝑥ଶ

଴) + 𝑎ଷ(𝐿ଶ
ଶ 𝑥ଷ

଴) + 𝑎ସ(𝐿ଶ
ଶ 𝑥ସ

଴) + 𝑎ହ𝑥ହ
଴ = 𝑔ହ. 

                                                                                                                                                              
(6) 𝒂𝟏𝒙𝟏 + 𝒂𝟐𝒙𝟐 + 𝒂𝟑𝒙𝟑 + 𝒂𝟒𝒙𝟒 + 𝒂𝟓𝒙𝟓 = 𝒄 

Using the same technique as above we get the general integer solution where 

𝑥ଵ = ൬
𝑐

𝑔଺
𝐿଴

ଷ + 𝐿଴
ଶ 𝑘ହ𝑎଺ + 𝐿଴

ଵ 𝑘ସ𝑎ହ + 𝐿଴
଴ 𝑘ଷ𝑎ସ + 𝑘ଶ𝑎ଷ൰ 𝑥ଵ

଴ + 𝑘ଵ𝑎ଶ 

𝑥ଶ = ൬
𝑐

𝑔଺
𝐿଴

ଷ + 𝐿଴
ଶ 𝑘ହ𝑎଺ + 𝐿଴

ଵ 𝑘ସ𝑎ହ + 𝐿଴
଴ 𝑘ଷ𝑎ସ + 𝑘ଶ𝑎ଷ൰ 𝑥ଶ

଴ − 𝑘ଵ𝑎ଵ 

𝑥ଷ = (
𝑐

𝑔଺
𝐿ଵ

ଷ + 𝐿ଵ
ଶ𝑘ହ𝑎଺ + 𝐿ଵ

ଵ 𝑘ସ𝑎ହ + 𝑘ଷ𝑎ସ)𝑥ଷ
଴ − 𝑘ଶ𝑔ଶ 

 

𝑥ସ = (
𝑐

𝑔଺
𝐿ଶ

ଷ + 𝐿ଶ
ଶ 𝑘ହ𝑎଺ + 𝑘ସ𝑎ହ)𝑥ସ

଴ − 𝑘ଷ𝑔ଷ 

 
  

𝑥ହ = (
𝑐

𝑔଺
𝐿ଷ

ଷ + 𝑘ହ𝑎଺)𝑥ହ
଴ − 𝑘ସ𝑔ସ 

𝑥଺ =
𝑐

𝑔଺
𝑥଺

଴ − 𝑘ହ𝑎ହ 

Where 𝑘௜ ∈ 𝑍, 1 ≤ 𝑖 ≤ 5 arbitrary and 

𝑔ହ𝑙ଷ + 𝑎଺𝑥଺
଴ = 𝑔଺ 

⇒ 𝑎ଵ(𝐿଴
ଷ 𝑥ଵ

଴) + 𝑎ଶ(𝐿଴
ଷ 𝑥ଶ

଴) + 𝑎ଷ(𝐿ଵ
ଷ𝑥ଷ

଴) + 𝑎ସ(𝐿ଶ
ଷ 𝑥ସ

଴) + 𝑎ହ(𝐿ଷ
ଷ 𝑥ହ

଴) + 𝑎଺𝑥଺
଴ = 𝑔଺ 

Using the pattern for the solutions {𝑥௜|𝑖 = 1,2,3, . . } for 𝑛 = 2,3,4,5,6 let the solution for 𝑛 ∈ 𝑁 

i.e. for        "𝒂𝟏𝒙𝟏 + 𝒂𝟐𝒙𝟐 + 𝒂𝟑𝒙𝟑 + 𝒂𝟒𝒙𝟒 + ⋯ . +𝒂𝒏ି𝟏𝒙𝒏ି𝟏 + 𝒂𝒏𝒙𝒏 = 𝒄"   be 

𝒙𝟏 = ൬
𝒄

𝒈𝒏
𝑳𝟎

𝒏ି𝟑 + 𝑳𝟎
𝒏ି𝟒𝒌𝒏ି𝟏𝒂𝒏 + 𝑳𝟎

𝒏ି𝟓𝒌𝒏ି𝟐𝒂𝒏ି𝟏 + ⋯ + 𝑳𝟎
𝟏𝒌𝟒𝒂𝟓 + 𝑳𝟎

𝟎𝒌𝟑𝒂𝟒 + 𝒌𝟐𝒂𝟑൰ 𝒙𝟏
𝟎

+ 𝒌𝟏𝒂𝟐 

𝒙𝟐 = ൬
𝒄

𝒈𝒏
𝑳𝟎

𝒏ି𝟑 + 𝑳𝟎
𝒏ି𝟒𝒌𝒏ି𝟏𝒂𝒏 + 𝑳𝟎

𝒏ି𝟓𝒌𝒏ି𝟐𝒂𝒏ି𝟏 + ⋯ + 𝑳𝟎
𝟏𝒌𝟒𝒂𝟓 + 𝑳𝟎

𝟎𝒌𝟑𝒂𝟒 + 𝒌𝟐𝒂𝟑൰ 𝒙𝟐
𝟎

− 𝒌𝟏𝒂𝟏 

𝒙𝟑 = ൬
𝒄

𝒈𝒏
𝑳𝟏

𝒏ି𝟑 + 𝑳𝟏
𝒏ି𝟒𝒌𝒏ି𝟏𝒂𝒏 + 𝑳𝟏

𝒏ି𝟓𝒌𝒏ି𝟐𝒂𝒏ି𝟏 + ⋯ + 𝑳𝟏
𝟐𝒌𝟓𝒂𝟔 + 𝑳𝟏

𝟏𝒌𝟒𝒂𝟓 + 𝒌𝟑𝒂𝟒൰ 𝒙𝟑
𝟎

− 𝒌𝟐𝒈𝟐 

𝒙𝟒 = ൬
𝒄

𝒈𝒏
𝑳𝟐

𝒏ି𝟑 + 𝑳𝟐
𝒏ି𝟒𝒌𝒏ି𝟏𝒂𝒏 + 𝑳𝟐

𝒏ି𝟓𝒌𝒏ି𝟐𝒂𝒏ି𝟏 + ⋯ + 𝑳𝟐
𝟐𝒌𝟓𝒂𝟔 + 𝒌𝟒𝒂𝟓൰ 𝒙𝟒

𝟎 − 𝒌𝟑𝒈𝟑 
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𝒙𝟓 = ൬
𝒄

𝒈𝒏
𝑳𝟑

𝒏ି𝟑 + 𝑳𝟑
𝒏ି𝟒𝒌𝒏ି𝟏𝒂𝒏 + 𝑳𝟑

𝒏ି𝟓𝒌𝒏ି𝟐𝒂𝒏ି𝟏 + ⋯ + 𝑳𝟑
𝟑𝒌𝟔𝒂𝟕 + 𝒌𝟓𝒂𝟔൰ 𝒙𝟓

𝟎 − 𝒌𝟒𝒈𝟒 

… … … … … … … … … … … … … … … … … … … … … … … .. 

𝒙𝒓 = ൬
𝒄

𝒈𝒏
𝑳𝒓ି𝟐

𝒏ି𝟑 + 𝑳𝒓ି𝟐
𝒏ି𝟒𝒌𝒏ି𝟏𝒂𝒏 + 𝑳𝒓ି𝟐

𝒏ି𝟓𝒌𝒏ି𝟐𝒂𝒏ି𝟏 + ⋯ + 𝑳𝒓ି𝟐
𝒓ି𝟐𝒌𝒓ା𝟏𝒂𝒓ା𝟐 + 𝒌𝒓𝒂𝒓ା𝟏൰ 𝒙𝒓

𝟎

− 𝒌𝒓ି𝟏𝒈𝒓ି𝟏 

… … … … … … … … … … … … … … … … … … … … … … … … … … … … 

𝒙𝒏ି𝟐 = ൬
𝒄

𝒈𝒏
𝑳𝒏ି𝟒

𝒏ି𝟑 + 𝑳𝒏ି𝟒
𝒏ି𝟒𝒌𝒏ି𝟏𝒂𝒏 + 𝒌𝒏ି𝟐𝒂𝒏ି𝟏൰ 𝒙𝒏ି𝟐

𝟎 − 𝒌𝒏ି𝟑𝒈𝒏ି𝟑 

𝒙𝒏ି𝟏 = ൬
𝒄

𝒈𝒏
𝑳𝒏ି𝟑

𝒏ି𝟑 + 𝒌𝒏ି𝟏𝒂𝒏൰ 𝒙𝒏ି𝟏
𝟎 − 𝒌𝒏ି𝟐𝒈𝒏ି𝟐 

𝒙𝒏 =
𝒄

𝒈𝒏
𝒙𝒏

𝟎 − 𝒌𝒏ି𝟏𝒈𝒏ି𝟏 

Where 𝟑 ≤ 𝒓 ≤ 𝒏 − 𝟏 ; 𝒌𝒊 ∈ 𝒁, 𝟏 ≤ 𝒊 ≤ 𝒏 − 𝟏;arbitrary and 

𝒂𝟏𝒙𝟏
𝟎 + 𝒂𝟐𝒙𝟐

𝟎 = 𝒈𝟐. 

𝒈𝒊𝒍
𝒊ି𝟐 + 𝒂𝒊ା𝟏𝒙𝒊ା𝟏

𝟎 = 𝒈𝒊ା𝟏(𝟐 ≤ 𝒊 ≤ 𝒏 − 𝟏) 

𝒈𝒏ି𝟏𝒍𝒏ି𝟑 + 𝒂𝒏𝒙𝒏
𝟎 = 𝒈𝒏 

⇒ 𝒂𝟏൫𝑳𝟎
𝒏ି𝟑𝒙𝟏

𝟎൯ + 𝒂𝟐൫𝑳𝟎
𝒏ି𝟑𝒙𝟐

𝟎൯ + 𝒂𝟑൫𝑳𝟏
𝒏ି𝟑𝒙𝟑

𝟎൯ + 𝒂𝟒൫𝑳𝟐
𝒏ି𝟑𝒙𝟒

𝟎൯ + ⋯ + 𝒂𝒏ି𝟐൫𝑳𝒏ି𝟒
𝒏ି𝟑𝒙𝒏ି𝟐

𝟎 ൯

+ 𝒂𝒏ି𝟏൫𝑳𝒏ି𝟑
𝒏ି𝟑𝒙𝒏ି𝟏

𝟎 ൯ + 𝒂𝒏𝒙𝒏
𝟎 = 𝒈𝒏 

Now we prove the result by induction i.e for (𝑛 + 1) varibles. We now find the integer solution 
of the equation 

𝑎ଵ𝑥ଵ + 𝑎ଶ𝑥ଶ + 𝑎ଷ𝑥ଷ + 𝑎ସ𝑥ସ + ⋯ . +𝑎௡ିଵ𝑥௡ିଵ + 𝑎௡𝑥௡ + 𝑎௡ାଵ𝑥௡ାଵ = 𝑐 

⇒ 𝑎ଵ𝑥ଵ + 𝑎ଶ𝑥ଶ + 𝑎ଷ𝑥ଷ + 𝑎ସ𝑥ସ + ⋯ . +𝑎௡ିଵ𝑥௡ିଵ + 𝑎௡𝑥௡ = 𝑐 − 𝑎௡ାଵ𝑥௡ାଵ 

As 𝑔௡|𝑐 − 𝑎௡ାଵ𝑥௡ାଵ so there exist 𝑙 ∈ 𝑍 such that 𝑐 − 𝑎௡ାଵ𝑥௡ାଵ = 𝑔௡𝑙 ⇒ 𝑔௡𝑙 + 𝑎௡ାଵ𝑥௡ାଵ = 𝑐. 
Clearly 𝑔. 𝑐. 𝑑(𝑔௡, 𝑎௡ାଵ) = 𝑔௡ାଵ|𝑐. So 𝑔௡𝑙 + 𝑎௡ାଵ𝑥௡ାଵ = 𝑐 has general integer solution 

𝑙 =
𝑐

𝑔௡ାଵ
𝑙௡ିଶ + 𝑘௡𝑎௡ାଵ;    𝑥௡ାଵ =

𝑐

𝑔௡ାଵ
𝑥௡ାଵ

଴ − 𝑘௡𝑔௡ 

where 𝑔௡𝑙௡ିଶ + 𝑎௡ାଵ𝑥௡ାଵ
଴ = 𝑔௡ାଵ and 𝑘௡ ∈ 𝑍 is arbitrary. 

Now  𝑎ଵ𝑥ଵ + 𝑎ଶ𝑥ଶ + 𝑎ଷ𝑥ଷ + 𝑎ସ𝑥ସ + ⋯ . +𝑎௡ିଵ𝑥௡ିଵ + 𝑎௡𝑥௡ 

= (𝑎ଵ(𝐿଴
௡ିଷ𝑥ଵ

଴) + 𝑎ଶ(𝐿଴
௡ିଷ𝑥ଶ

଴) + 𝑎ଷ(𝐿ଵ
௡ିଷ𝑥ଷ

଴) + 𝑎ସ(𝐿ଶ
௡ିଷ𝑥ସ

଴) + ⋯ + 𝑎௡ିଶ(𝐿௡ିସ
௡ିଷ 𝑥௡ିଶ

଴ )
+ 𝑎௡ିଵ(𝐿௡ିଷ

௡ିଷ𝑥௡ିଵ
଴ ) + 𝑎௡𝑥௡

଴)𝑙 
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⇒ 𝑎ଵ(𝑥ଵ − 𝑙𝐿଴
௡ିଷ𝑥ଵ

଴) + 𝑎ଶ(𝑥ଶ − 𝑙𝐿଴
௡ିଷ𝑥ଶ

଴) + 𝑎ଷ(𝑥ଷ − 𝑙𝐿ଵ
௡ିଷ𝑥ଷ

଴) + ⋯ + 𝑎௥(𝑥ଵ − 𝑙𝐿௥ିଶ
௡ିଷ𝑥௥

଴) + ⋯
+ 𝑎௡ିଵ(𝑥௡ିଵ − 𝑙𝐿௡ିଷ

௡ିଷ𝑥ଶ
଴) + 𝑎௡(𝑥௡ − 𝑙𝑥௡

଴) = 0 

⇒ 𝑎ଵ𝑋ଵ + 𝑎ଶ𝑋ଶ + 𝑎ଷ𝑋ଷ + ⋯ + 𝑎௥𝑋௥ + ⋯ + 𝑎௡ିଵ𝑋௡ିଵ + 𝑎௡𝑋௡ = 0 

where 𝑋ଵ = 𝑥ଵ − 𝑙𝐿଴
௡ିଷ𝑥ଵ

଴ = 𝑥ଵ − ቀ
௖

௚೙శభ
𝑙௡ିଶ + 𝑘௡𝑎௡ାଵቁ 𝐿଴

௡ିଷ𝑥ଵ
଴ = 𝑥ଵ − ቀ

௖

௚೙శభ
𝐿଴

௡ିଶ +

𝐿଴
௡ିଷ𝑘௡𝑎௡ାଵቁ 𝑥ଵ

଴;  𝑋ଶ = 𝑥ଶ − ቀ
௖

௚೙శభ
𝐿଴

௡ିଶ + 𝑘௡𝑎௡ାଵቁ 𝑥ଶ
଴; … ; 𝑋௥ = 𝑥௥ − 𝑙𝐿௥ିଶ

௡ିଷ𝑥ଵ
଴ = 𝑥௥ −

ቀ
௖

௚೙శభ
𝐿௥ିଶ

௡ିଶ + 𝐿௥ିଶ
௡ିଷ𝑘௡𝑎௡ାଵቁ 𝑥௥

଴, … , 𝑋௡ିଵ = 𝑥௡ିଵ − (
௖

௚೙శభ
𝐿௡ିଷ

௡ିଶ + 𝐿௡ିଷ
௡ିଷ𝑘௡𝑎௡ାଵ)𝑥௡ିଵ

଴  

;   𝑋௡ = 𝑥௡ − 𝑙𝑥௡
଴ = 𝑥௡ − (

𝑐

𝑔௡ାଵ
𝐿௡ିଶ

௡ିଶ + 𝑘௡𝑎௡ାଵ)𝑥௡
଴. 

From the result for 𝑛 varibles as we assume as 𝑔௡|0, we have 

𝑋ଵ = ቀ
଴

௚೙
𝐿଴

௡ିଷ + 𝐿଴
௡ିସ𝑘௡ିଵ𝑎௡ + 𝐿଴

௡ିହ𝑘௡ିଶ𝑎௡ିଵ + ⋯ + 𝐿଴
ଵ 𝑘ସ𝑎ହ + 𝐿଴

଴ 𝑘ଷ𝑎ସ + 𝑘ଶ𝑎ଷቁ 𝑥ଵ
଴ + 𝑘ଵ𝑎ଶ. 

⇒ 𝑥ଵ = ቀ
௖

௚೙శభ
𝐿଴

௡ିଶ + 𝐿଴
௡ିଷ𝑘௡𝑎௡ାଵ + 𝐿଴

௡ିସ𝑘௡ିଶ𝑎௡ିଵ + ⋯ + 𝐿଴
ଵ 𝑘ସ𝑎ହ + 𝐿଴

଴ 𝑘ଷ𝑎ସ + 𝑘ଶ𝑎ଷቁ 𝑥ଵ
଴ +

𝑘ଵ𝑎ଶ. 

𝑋ଶ = ቀ
଴

௚೙
𝐿଴

௡ିଷ + 𝐿଴
௡ିସ𝑘௡ିଵ𝑎௡ + 𝐿ଵ

௡ିହ𝑘௡ିଶ𝑎௡ିଵ + ⋯ + 𝐿଴
ଵ 𝑘ସ𝑎ହ + 𝐿଴

଴ 𝑘ଷ𝑎ସ + 𝑘ଶ𝑎ଷቁ 𝑥ଶ
଴ − 𝑘ଵ𝑎ଵ. 

⇒ 𝑥ଶ = ቀ
௖

௚೙శభ
𝐿଴

௡ିଶ + 𝐿଴
௡ିଷ𝑘௡𝑎௡ାଵ + 𝐿଴

௡ିସ𝑘௡ିଶ𝑎௡ିଵ + ⋯ + 𝐿଴
ଵ 𝑘ସ𝑎ହ + 𝐿଴

଴ 𝑘ଷ𝑎ସ + 𝑘ଶ𝑎ଷቁ 𝑥ଶ
଴ −

𝑘ଵ𝑎ଵ. 

𝑋ଷ = ቀ
଴

௚೙
𝐿ଵ

௡ିଷ + 𝐿ଵ
௡ିସ𝑘௡ିଵ𝑎௡ + 𝐿ଵ

௡ିହ𝑘௡ିଶ𝑎௡ିଵ + ⋯ + 𝐿ଵ
ଶ𝑘ହ𝑎଺ + 𝐿ଵ

ଵ 𝑘ସ𝑎ହ + 𝑘ଷ𝑎ସቁ 𝑥ଷ
଴ − 𝑘ଶ𝑔ଶ. 

⇒ 𝑥ଷ = ቀ
௖

௚೙శభ
𝐿ଵ

௡ିଶ + 𝐿ଵ
௡ିଷ𝑘௡𝑎௡ାଵ + 𝐿ଵ

௡ିସ𝑘௡ିଵ𝑎௡+. … + 𝐿ଵ
ଵ 𝑘ସ𝑎ହ + 𝑘ଷ𝑎ସቁ 𝑥ଷ

଴ − 𝑘ଶ𝑔ଶ. 

𝑋ସ = ቀ
଴

௚೙
𝐿ଶ

௡ିଷ + 𝐿ଶ
௡ିସ𝑘௡ିଵ𝑎௡ + 𝐿ଶ

௡ିହ𝑘௡ିଶ𝑎௡ିଵ + ⋯ + 𝐿ଶ
ଶ 𝑘ହ𝑎଺ + 𝑘ସ𝑎ହቁ 𝑥ସ

଴ − 𝑘ଷ𝑔ଷ. 

⇒ 𝑥ସ = ቀ
௖

௚೙శభ
𝐿ଶ

௡ିଶ + 𝐿ଶ
௡ିସ𝑘௡ିଵ𝑎௡ + 𝐿ଶ

௡ିହ𝑘௡ିଶ𝑎௡ିଵ + ⋯ + 𝐿ଶ
ଶ 𝑘ହ𝑎଺ + 𝑘ସ𝑎ହቁ 𝑥ସ

଴ − 𝑘ଷ𝑔ଷ. 

… … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … .. 

𝑋௥ = ቀ
଴

௚೙
𝐿௥ିଶ

௡ିଷ + 𝐿௥ିଶ
௡ିସ𝑘௡ିଵ𝑎௡ + 𝐿௥ିଶ

௡ିହ𝑘௡ିଶ𝑎௡ିଵ + ⋯ + 𝐿௥ିଶ
௥ିଶ𝑘௥ାଵ𝑎௥ାଶ + 𝑘௥𝑎௥ାଵቁ 𝑥௥

଴ −

𝑘௥ିଵ𝑔௥ିଵ. 

⇒ 𝑥௥ = ቀ
௖

௚೙
𝐿௥ିଶ

௡ିଶ + 𝐿௥ିଶ
௡ିଷ𝑘௡𝑎௡ାଵ + 𝐿௥ିଶ

௡ିସ𝑘௡ିଵ𝑎௡ + ⋯ + 𝐿௥ିଶ
௥ିଶ𝑘௥ାଵ𝑎௥ାଶ + 𝑘௥𝑎௥ାଵቁ 𝑥௥

଴ −

𝑘௥ିଵ𝑔௥ିଵ. 
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… … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … … 

𝑋௡ିଵ = ቀ
଴

௚೙
𝐿௡ିଷ

௡ିଷ + 𝑘௡ିଵ𝑎௡ቁ 𝑥௡ିଵ
଴ − 𝑘௡ିଵ𝑔௡ିଵ. 

⇒ 𝑥௡ିଵ = ൬
𝑐

𝑔௡ାଵ
𝐿௡ିଷ

௡ିଶ + 𝐿௡ିଷ
௡ିଷ 𝑘௡𝑎௡ାଵ൰ 𝑥௡ିଵ

଴ − 𝑘௡ିଵ𝑔௡ିଵ. 

𝑋௡ =
଴

௚೙
𝑥௡

଴ − 𝑘௡𝑔௡. 

⇒ 𝑥௡ = (
௖

௚೙శభ
𝐿௡ିଶ

௡ିଶ + 𝑘௡𝑎௡ାଵ)𝑥௡
଴ − 𝑘௡𝑔௡. 

   𝑥௡ାଵ =
௖

௚೙శభ
𝑥௡ାଵ

଴ − 𝑘௡𝑔௡. 

where 3 ≤ 𝑟 ≤ 𝑛 ; 𝑘௜ ∈ 𝑍, 1 ≤ 𝑖 ≤ 𝑛; arbitrary and 

𝑎ଵ𝑥ଵ
଴ + 𝑎ଶ𝑥ଶ

଴ = 𝑔ଶ. 

𝑔௜𝑙
௜ିଶ + 𝑎௜ାଵ𝑥௜ାଵ

଴ = 𝑔௜ାଵ(2 ≤ 𝑖 ≤ 𝑛 − 1). 

𝑔௡ିଵ𝑙௡ିଷ + 𝑎௡𝑥௡
଴ = 𝑔௡. 

𝑔௡𝑙௡ିଶ + 𝑎௡ାଵ𝑥௡ାଵ
଴ = 𝑔௡ାଵ. 

⇒ {𝑎ଵ(𝐿଴
௡ିଷ𝑥ଵ

଴) + 𝑎ଶ(𝐿଴
௡ିଷ𝑥ଶ

଴) + 𝑎ଷ(𝐿ଵ
௡ିଷ𝑥ଷ

଴) + 𝑎ସ(𝐿ଶ
௡ିଷ𝑥ସ

଴) + ⋯ + 𝑎௡ିଶ(𝐿௡ିସ
௡ିଷ 𝑥௡ିଶ

଴ )
+ 𝑎௡ିଵ(𝐿௡ିଷ

௡ିଷ𝑥௡ିଵ
଴ ) + 𝑎௡𝑥௡

଴}𝑙௡ିଶ + 𝑎௡ାଵ𝑥௡ାଵ
଴ = 𝑔௡ାଵ. 

⇒ 𝑎ଵ(𝐿଴
௡ିଶ𝑥ଵ

଴) + 𝑎ଶ(𝐿଴
௡ିଶ𝑥ଶ

଴) + 𝑎ଷ(𝐿ଵ
௡ିଶ𝑥ଷ

଴) + 𝑎ସ(𝐿ଶ
௡ିଶ𝑥ସ

଴) + ⋯ + 𝑎௡ିଶ(𝐿௡ିସ
௡ିଶ𝑥௡ିଶ

଴ )
+ 𝑎௡ିଵ(𝐿௡ିଷ

௡ିଶ𝑥௡ିଵ
଴ ) + 𝑎௡(𝐿௡ିଶ

௡ିଶ 𝑥௡ିଵ
଴ ) + 𝑎௡ାଵ𝑥௡ାଵ

଴ = 𝑔௡ାଵ. 

So the result is true for 𝑛 + 1 also. So by induction the result is true for all natural number. 

Example: Find the general integral solutions of the following equation 

𝟐𝒙𝟏 + 𝟒𝒙𝟐 + 𝟓𝒙𝟑 + 𝟏𝟎𝒙𝟒 + 𝟏𝟐𝒙𝟓 + 𝟕𝒙𝟔 + 𝟗𝒙𝟕 = 𝟏𝟖  

Solution.  Here   𝑎ଵ = 2, 𝑎ଶ = 4, 𝑎ଷ = 5, 𝑎ସ = 10, 𝑎ହ = 12, 𝑎଺ = 7, 𝑎଻ = 9, 𝑐 = 18. 

𝑎ଵ𝑥ଵ + 𝑎ଶ𝑥ଶ = 𝑔ଶ ⟹ 2𝑥ଵ + 4𝑥ଶ = 2; 𝑔ଶ = 2; 𝑥ଵ
଴ = −1; 𝑥ଶ

଴ = 1. 

𝑔ଶ𝑙 + 𝑎ଷ𝑥ଷ = 𝑔ଷ ⟹ 2𝑙 + 5𝑥ଷ = 1; 𝑔ଷ = 2; 𝑙଴ = −2; 𝑥ଷ
଴ = 1. 

𝑔ଷ𝑙 + 𝑎ସ𝑥ସ = 𝑔ସ ⟹ 𝑙 + 10𝑥ସ = 1; 𝑔ସ = 1; 𝑙ଵ = −9; 𝑥ସ
଴ = 1. 

𝑔ସ𝑙 + 𝑎ହ𝑥ହ = 𝑔ହ ⟹ 𝑙 + 12𝑥ହ = 1; 𝑔ହ = 1; 𝑙ଶ = −11; 𝑥ହ
଴ = 1. 

𝑔ହ𝑙 + 𝑎଺𝑥଺ = 𝑔଺ ⟹ 𝑙 + 7𝑥଺ = 1; 𝑔଺ = 1; 𝑙ଷ = −6; 𝑥଺
଴ = 1. 

𝑔଺𝑙 + 𝑎଻𝑥଻ = 𝑔଻ ⟹ 𝑙 + 9𝑥଻ = 1; 𝑔଻ = 1; 𝑙ସ = −8; 𝑥଻
଴ = 1. 

Here 𝑛 = 7; 𝑛 − 3 = 4; 𝑐 = 18. Therefore using the method of general solutions we have 
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𝑥ଵ = ቀ
௖

௚ళ
𝐿଴

ସ + 𝐿଴
ଷ 𝑘଺𝑎଻ + 𝐿଴

ଶ 𝑘ହ𝑎଺ + 𝐿଴
ଵ 𝑘ସ𝑎ହ + 𝐿଴

଴ 𝑘ଷ𝑎ସ + 𝑘ଶ𝑎ଷቁ 𝑥ଵ
଴ + 𝑘ଵ𝑎ଶ. 

𝑥ଶ = ቀ
௖

௚ళ
𝐿଴

ସ + 𝐿଴
ଷ 𝑘଺𝑎଻ + 𝐿଴

ଶ 𝑘ହ𝑎଺ + 𝐿଴
ଵ 𝑘ସ𝑎ହ + 𝐿଴

଴ 𝑘ଷ𝑎ସ + 𝑘ଶ𝑎ଷቁ 𝑥ଶ
଴ − 𝑘ଵ𝑎ଵ. 

𝑥ଷ = ቀ
௖

௚ళ
𝐿ଵ

ସ + 𝐿ଵ
ଷ𝑘଺𝑎଻ + 𝐿ଵ

ଶ𝑘ହ𝑎଺ + 𝐿ଵ
ଵ 𝑘ସ𝑎ହ + 𝑘ଷ𝑎ସቁ 𝑥ଷ

଴ − 𝑘ଶ𝑔ଶ. 

𝑥ସ = ቀ
௖

௚ళ
𝐿ଶ

ସ + 𝐿ଶ
ଷ 𝑘଺𝑎଻ + 𝐿ଶ

ଶ 𝑘ହ𝑎଺ + 𝑘ସ𝑎ହቁ 𝑥ସ
଴ − 𝑘ଷ𝑔ଷ . 

𝑥ହ = ቀ
௖

௚ళ
𝐿ଷ

ସ + 𝐿ଷ
ଷ 𝑘଺𝑎଻ + 𝑘ହ𝑎଺ቁ 𝑥ହ

଴ − 𝑘ସ𝑔ସ. 

𝑥଺ = ቀ
௖

௚ళ
𝐿ସ

ସ + 𝑘଺𝑎଻ቁ 𝑥଺
଴ − 𝑘ହ𝑔ହ. 

𝑥଻ =
௖

௚ళ
𝑥଻

଴ − 𝑘଺𝑔଺. 

After putting the values of 𝑎௜ , 𝐿௝
௜ , 𝑔௜ , 𝑥௜

଴ for 𝑖 we get 

𝒙𝟏 = 𝟏𝟕𝟏𝟎𝟕𝟐 − 𝟏𝟎𝟔𝟗𝟐𝒌𝟔 + 𝟐𝟑𝟕𝟔𝒌𝟓 − 𝟐𝟏𝟔𝒌𝟒 + 𝟐𝟎𝒌𝟑 − 𝟓𝒌𝟐 + 𝟒𝒌𝟏. 

𝒙𝟐 = −𝟏𝟕𝟏𝟎𝟕𝟐 + 𝟏𝟎𝟔𝟗𝟐𝒌𝟔 − 𝟐𝟑𝟕𝟔𝒌𝟓 + 𝟐𝟏𝟔𝒌𝟒 − 𝟐𝟎𝒌𝟑 + 𝟓𝒌𝟐 − 𝟐𝒌𝟏. 

𝒙𝟑 = 𝟖𝟓𝟓𝟑𝟔 − 𝟓𝟑𝟒𝟔𝒌𝟔 + 𝟔𝟗𝟑𝒌𝟓 − 𝟏𝟎𝟖𝒌𝟒 + 𝟏𝟎𝒌𝟑 − 𝟐𝒌𝟐. 

𝒙𝟒 = −𝟗𝟓𝟎𝟒 + 𝟓𝟗𝟒𝒌𝟔 − 𝟕𝟕𝒌𝟓 + 𝟏𝟐𝒌𝟒 − 𝒌𝟑. 

𝒙𝟓 = 𝟖𝟔𝟒 − 𝟓𝟒𝒌𝟔 + 𝟕𝒌𝟓 − 𝒌𝟒. 

𝒙𝟔 = −𝟏𝟒𝟒 + 𝟗𝒌𝟔 − 𝒌𝟓. 

𝒙𝟕 = 𝟏𝟖 − 𝒌𝟔. 

Where 𝒌𝟏,  𝒌𝟐, 𝒌𝟑, 𝒌𝟒, 𝒌𝟓, 𝒌𝟔 are arbitrary integers. 
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